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Abstract 

A nonsymmetric gravitational theory (NGT) is presented which is free of ghost poles, 
tachyons and higher-order poles and there are no problems with asymptotic boundary 
conditions. An extended Birkhoff theorem is shown to hold for the spherically symmetric 
solution of the field equations. A static spherically symmetric solution in the short-range 
approximation, \x~ x > 2m, is everywhere regular and does not contain a black hole event 
horizon. 



1. Introduction 

An earlier version of the nonsymmetric gravitational theory (NGT) 1 , based on a 
nonsymmetric field structure with the decompositions 2 : 

9(t*v) = T^Sixv + 9vn), 9[ixv] = ^ (SV - 9v^)-, (1-1) 

and 

was confronted with consistency problems due to the absence of a massless gauge invariance 
in the antisymmetric sector of the theory. The only gauge invariance was associated with 
the general covariance of the theory. Attempts to derive a perturbative NGT scenario 
free of couplings to unphysical modes and with consistent asymptotic boundary conditions 
proved to be a difficult (if not impossible) task 3 ' 4 . 

In the following, a version of NGT is presented which will be shown to be free of 
ghosts, tachyons and higher-order poles in the propagator in the linear approximation 5 . 
An expansion of g^ about an arbitrary Einstein background metric also yields field equa- 
tions to first order in g^], which are free of couplings to unphysical (negative energy) 
modes; the solutions of the field equations have consistent asymptotic boundary condi- 
tions. This is accomplished by adding two cosmological terms to the earlier version of the 
NGT Lagrangian density. 

In view of the difficulty in obtaining physically consistent geometrical generalizations 
of Einstein gravitational theory (EGT), it is interesting that such a consistent theory can 
be formulated. For example, higher derivative (higher powers of the scalar curvature R) 
theories possess ghost poles, tachyons and higher-order poles in the linear approximation 6 . 



The static spherically symmetric solution of the NGT field equations is shown to 
satisfy a Birkhoff theorem. A static spherically symmetric solution in the short-range 
approximation, \x~ x > 2m, is everywhere regular and does not contain a black hole event 
horizon 7 . 

2. Nonsymmetric Gravitational Theory 

The non-Riemannian geometry is based on the nonsymmetric field structure with 
a nonsymmetric g^ v and affine connection r* , defined in Eqs.(l.l) and (1.2). The con- 
travariant tensor g^ v is defined in terms of the equation: 

g^9a V = g^g V a = K- (2-1) 

The Lagrangian density is given by 

CnGT = &R + £>Mi (2.2) 

where 

c R = e^R^w) - 2Av^ - ^ W M ] + l^e^w^Wu, (2.3) 

where A is the cosmological constant and fi 2 and a are additional cosmological constants 
associated with g^u] an d W^, respectively. Moreover, Cm is the matter Lagrangian density 
(G = c=l): 

C M = -Sng^T^. (2.4) 

Here, g^ = ^/—gg^ u and R^iW) is the NGT contracted curvature tensor: 

R,AW) = w^ - \iyv%, v + w^) - w&wfo + w^wz,, (2.5) 



defined in terms of the unconstrained nonsymmetric connection: 
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w* = rj„ - -6*W V , (2.6) 



where 



Eq.(2.6) leads to the result: 



1 

2 



W, = -(W* X -W^). (2.7) 



Tm = rf MA] = 0. (2.* 



Moreover, T Mi , is the matter source density tensor. 

The NGT contracted curvature tensor can be written as 

R^(W) = R^(T) + ^W M , (2.9) 

where R^(T) is defined by 

RfiA T ) = T ^u,(3 ~ g ( r (^),^ + T {vp),v) ~~ r ^ r M/3 + r («/3) r ^- ( 2 - 10 ) 

The field equations in the presence of matter sources are given by: 

G^(W) + Xg^ + -ix 2 C^ + -a(P^ - -g^P) = 8irT MI/ , (2.11) 

g [A»"] )i/ = 3DA*, (2.12) 

+D"<J£ - D"<$£ = 0. (2.13) 



Here, we have 



G>2, — R^v — -g^ u R, (2-14) 

C> = ^ + -^^ [<jp] (7 [p(J ] + g wp] g^g pv , (2.15) 



iV = w * w », ( 2 - 16 ) 

and P = g^Ppv = g^ v) W^W v . Also, we have 

D m = I<7g(M«)w- a , (2.17) 

and from (2.12), it follows that D% = 0. 

We can write the field equations (2.11) in the form: 

R» v (W) = \gp V + Mr iiV , (2.18) 

where 

J-fif = 1/j.v ~~ o^W ~~ on f^ *-\iv ~ 77 &Ppv, (z.iyj 

2 32/T 1d7t 

and T = g^T^. Moreover, we have 

In* = C^ - -g^C = g [cTp] g^g P u + -g^g\a P \g {<J(A + g\^\ • (2.20) 

In empty space, the field equations (2.18) become: 

R„ V (T) = ^W M + Xg^ - ±n% v - l -aP^ u . (2.21) 

Substituting (2.6) into (2.13), we get 

fsT ta + grr%, + g"T* p - g ^r^ p) + d"# - d"£ = o. (2.22) 

This equation may be written in the form: 
where 

^-[xvap — gp,pg<jv g^a-gpu gpvg\ap\i ^z.z4j 



and we have: 

V^9,a - v^r^ = J=ggwD>. (2.25) 

The generalized Bianchi identities: 

[grG^cr) + g" G„ p (r)] ia + ^, p g m , = o, (2.26) 

give rise to the matter response equations: 

g w T»\ v + g plI T»^„ + (g^ u + g pv „ - g pv , p )T^ = 0. (2.27) 

3. Linear Approximation 

Let us assume that A = and expand g pu about Minkowski spacetime: 

g^v = r) pv + (1)/ V^ + —, (3.1) 

where r\ pv is the Minkowski metric tensor: r\ pv = diag(— 1, — 1, — 1, +1). We also expand 



rj„ and W* v : 



r X (l) r A , (2) r A , 



^ = (1) W M + (2 % M + .... (3.2) 

We find from (2.1) that 

g^ = rf - WW + ..., (3.3) 

where W = r] ilX ri' Ju h a \. Let us adopt the notation: ip^ = ^'h^y To first order of 
approximation, Eq.(2.12) gives 

</V = \<Wi» (3-4) 



where for convenience W^ denotes ^'W^. Moreover, 

VV = Vv/ = V^VV/V- (3-5) 

From Eqs.(2.23), we obtain the result to first order: 

(1 K» = lv Xa ( {1) K^ + (1) h^u - {1) K^) + l<r(6*W v - 8iWj. (3.6) 

The antisymmetric and symmetric field equations derived from Eq.(2.11) decouple to 
lowest order; the symmetric equations are the usual Einstein field equations in the linear 
approximation. The skew equations are given by 

(□ +M 2 )V> = *W M + 16ttT [aH , (3.7) 

where k = cr+|. For a = fj, = 0, Eq.(3.7) reduces to the linearized antisymmetric equations 
of the earlier version of NGT 1 : 

nij> liV = lw M + i6nT {ttl/] . ( 3 - 8 ) 

If we take the divergence of Eq.(3.7), we get 

rDW^ + \o\?Wp = l&rTw", (3.9) 

where r = 2(cr + |). Let us choose r = corresponding to a = —1/3 which gives 

32-7T 

W„ = Y T {ilv f. (3.10) 

Substituting this into (3.8) yields the Proca inhomogeneous Klein-Gordon equation: 

(D+^ 2 )^ = J M „ (3.11) 



where 



2 
Jpv = 167r(T[ MJ/ ] + — T[[ MO -] 5l/ ]'°"). (3.12) 



Moreover, from Eq.(3.4) we get 



16/T 
^M=-2- T [H' • ( 3 - 13 ) 



Taking the divergence of (3.12) gives 

•V" = 16tt(T [H ^ + inT W '"). (3.14) 

A 4 

Taking the divergence of the left-hand-side of (3.11) and using (3.13) yields the same as 
(3.14). 

In the wave-zone, T^ v = 0, and Eqs.(3.11) and (3.13) become 

(nV)V = - ( 3 - 15 ) 

?/V = 0. (3.16) 

These equations can be obtained from the Lagrangian: 

£</> = -£l>lv,\ - -^l - ^VjL- (3-17) 

The ifj^v has the spin decomposition: 

Vv = lb e l e , (3.18) 

where 1ft and l e denote the magnetic and electric vectors, respectively. Only the mag- 
netic vector propagates corresponding to a massive spin 1 + pseudovector field with the 
propagator: 

n =A' < 3 - i9 > 



where P^ is the magnetic projection operator defined by 

Pb — 7z(6(J,p6va — G^aOvp)-, (3.20) 

k k 
O^is = ^iiv - p — 2 , (3-21) 

and kfj, denotes the momentum four vector. The Lagrangian (3.17) is free of ghosts, 
tachyons and higher-order poles 8 and the Hamiltonian is positive and bounded from below. 

The parameter a is fixed to be a = —1/3 by the physical requirement that the weak 
field linear approximation of the NGT field equations is free of ghosts, tachyons and higher- 
order poles in the propagator. This guarantees that the physical vacuum in the theory is 
stable. 

As shown by van Nieuwenhuizen 8 , there exist in flat Minkowski spacetime only two 
physically consistent Lagrangians for the antisymmetric potential field ip^u, which are 
free of ghosts, tachyons and higher-order poles in the propagator, namely, the massless 
gauge invariant theory, and the massive Proca-type theory with the Lagrangian (3.17). 
Since NGT does not possess a massless gauge invariance, then the only other possibility 
is that it should reduce to the physical, massive Proca-type theory. We have, in fact, now 
discovered a fully geometrical NGT scheme that fulfils this requirement. 

4. Expansion of the Field Equations Around a Curved Background 

Let us now consider the expansion of the field equations around an arbitrary Einstein 
background metric. We shall introduce the notation: g^u] = a^v We have 

g»* = gs»u + (1 V + -, rj„ = r^ v + «r;L + ..., w„ = (1) w M + (2) w M + ..., (4.1) 
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where gspv and T^ denote the Einstein background metric tensor and connection, re- 
spectively. We also introduce the notation for the Riemann tensor: 

TD<y pff per -per -pa , per -pa (a r>\ 

-D pup — J- Sp,v,p ~ L Spp,u ~~ L Sau L Spp ~+~ l Sap 1 SpV \^- Z ) 

By performing the contraction on the suffixes a and p, we get the Ricci tensor, B^ = 

r>a 
- D pva- 

Solving for the antisymmetric part of r^„ to first order in a [lv gives: 

(1) rf M ,] = ^(V M a w + V„a MfJ + V.a^) + ±a(5f V„ - df V M ). (4.3) 

Substituting this into the field equations (2.20) (A = 0), we get to first order in a^ v and 



W^ (we denote ^W^ by W^ and ^a^ by 



a 



pV ) 



B^ = 0, (4.4) 

Va^ = \oW^ (4.5) 

(p s +l~i 2 )a^ - 2g^gfB auXfl a aP = kV^W u] , (4.6) 

where, as in the previous section, k = <r+ g. Moreover, we have Dg = V^Vo-, V 7 = gs a V a 
and: 

<7sW = S$. (4.7) 

We also employed the result: 

V CT V M a ffl/ = V^V^aw — gs^ds {BaaXpUpv + B olv \ tl a (T p) 

= V^V'cw - gs a gfB a „ x »a al3 , (4.8) 

where in the last line we used Eq.(4.4). 
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Taking the divergence of (4.6), we get 



r n s W M - 2V u (g^gfB a ^a aP ) + -otfWp + V v {Ba)^ = 0, (4.9) 



where 



VDsa.^DgVV+VlBa)^ (4.10) 

and r = 2(cr+^). Also, {Ba)^ v denotes additional terms involving products of the Riemann 
tensor and a^ v . We choose r = to give 

W v = ~\ W U&gfB^a^ - 2(Ba) f 
L 1 L V 

From (4.5) and (4.11), we get the field equations: 



I flU 



(4.11) 



V a a 



1 



/i<7 



2/z s 



Act a/3 



V v [Agfg% p B avXll a a p-2{Bd) 



jlV 



where 



M, 



Act a/3 ■ 



{U S +n 2 )a 



1 



fl „ - 2g s a g s p B otuX ^a af 3 + — V[ u V f 



iiv ■'"/il/) 



Act a/3 



^9s 7 9s B ap x^a a p - 2{Ba)^ f 



(4.12) 
(4.13) 

(4.14) 



As before, W^ does not propagate and there is no coupling to unphysical modes 
through the effective source tensor formed from the Riemann tensor and a Mi ,. 

The energy associated with the flux of gravitational waves, calculated in the wave- 
zone for r — > oo, is positive definite. 

5. Time-Dependent Spherically Symmetric Field Equations 



In the case of a spherically symmetric field, Papapetrou has derived the canonical 

fonnofv inNGT 9 : 

(-a w\ 



g^v 



o o 

-(3 fsm6 

-/sin^ -/3sin 2 # 

\-w 7/ 



(5.1) 
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where a, /?, 7 and iu are functions of r and t. The tensor g^ v has the components: 



<T = 



/ 



V 



7 



it)- 2 — 07 





a 









/CSC6> 

P 2 +P P 2 +P 

fCSCd l3CSC 2 8 



w A —cey 
















(5.2) 



J 



W—acy W — ori 

For the theory in which there is no NGT magnetic monopole charge, we have w = and 
only the g^s] component of g^u] survives. 

The line element for a spherically symmetric body is given by 



ds 1 = 7 (r, t)dt 2 - a(r, t)dr 2 - /3(r, t)(d0 2 + sm 2 6d(f> z ) 



(5.3) 



We have 



/ ^ = sin% 7 (/3 2 + / 2 )] 1 / 2 . 



(5.4) 



The vector W^ can be determined from Eq.(2.12): 



W — —2k o-[ p<J ] 



(5.5) 



where k^ v is defined by k^ a g^^ = 8@. For the static spherically symmetric field with 
w = it follows from (5.5) that W^ = 0. 

The field equations (2.20) in empty space are given by 



^ ,^ 1 ." 1,, ,/%9 . ^9n ot' A' 7' fa' Y 
R 11 (T) = — A - - \(A') 2 + AB 2 H + — - 

u ; 2 8 LV ; J 4a 2 7 V2a 2 7 



/VV d f a\ a ( 7 a 1 A , 1 2 «/ 2 

%J + ^Uj + 2^U-2^ + 2 A J = - Aa+ 4^VT^' 



(5.6) 



1 



1 



^(r) = ^ 33 (r)co S ec^ + ^ 4a 



1 1 (2fB-f3A'\ 2fB-(3A'. , 



+ 



8a 2 /?7 
B(fA' + 2/3B) I d (2fD-f3A\ 2fD-f3A,. 



-(a/ 7 + "i'ol) 



4a[3 






f3dt\ 4 7 



8a 7 2 /3 



(ct7 + 7a) 
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D 



UA + WD) = -\-\n 



f 



47/9 

1 v 1 : 

2 



i? 00 (D = ~A ~i;(A 2 + AD 2 ) + ^La+^-(—- — \ 



4^ f3 2 + p 

a ( 7 d \ 
47" ' 2a V27 ~~ 2a/ 



(5.7) 



_»^ + riv + ir^-^ + k^A 7 -v^ 



dt\2aj \2aJ 2a\2a 2 7 2' 

i?[io](r) = 0, 



4 r /? 2 + / 5 






(5.8) 

(5.9) 

(5.10) 



-#-(2/5 - /L4') - J-(/i + 2/M>) (^ + -) 

V7 otj 



Aa 



87 



9 "^) + >-M) 



<% 






sinfl. (5.11) 



Here, prime denotes differentiation with respect to r, A = dA/dt, and we have used the 
notation: 

A = ln(/3 2 + / 2 ), 



B 



D 



P 2 + f 2 ' 

Pf-fP 
P 2 +f 2 ' 



(5.12) 
(5.13) 



(5.14) 



We can rearrange (5.10) to give 



a 



a 
I 7 



1 • , V • 
-A'A + 2A'- ^A + 2BD 

2 7 



(5.15) 



Let us choose (3 = r 2 and substitute this into (5.15): 



a = a 



r 4 + f 2 
2r 3 + //' 



f'f(r 4 - 3/' 



8//V 2 



+ 



2(/7 + //') 



(r 4 + / 2 ) 2 (r 4 + / 2 ) 2 r 4 + / 2 



7' 



7/ V r +/ 



(5.16) 



14 

When we choose / = 0, we obtain Birkhoff' s theorem in EGT i.e., the time-dependent 
spherically symmetric solution must be stationary and it is the static Schwarzschild solution 
for r > 2m 10 . 

To see whether there exists a Birkhoff theorem for the NGT empty space field equa- 
tions, we shall consider the asymptotic large r, static approximation of the field equation 
(5.11) with A = 0, [5 = r 2 and a ~ 7 ~ 1: 

/"--/'- /x 2 / = 0. (5.17) 

r 

This has the solution valid for \im « 1: 

f = Cexp(-/jr)(l + /jr), (5.18) 

where C is a constant. To this order of approximation the invariant: F = g[23]g^ 23 ' is given 
by 

F ~ const. exp(-^r)(- + -^). (5.19) 

\r r z J 

For r — > 00, we see from (5.15) that a vanishes rapidly and no monopole radiation 

will be observed in the wave-zone for large r. Asymptotically the solution is the static 

solution of the field equations, yielding an extended Birkhoff theorem. 

6. Static Spherically Symmetric Solution 

Let us assume the short-range approximation for which the fj, 2 contributions in the 
vacuum field equations can be neglected and we assume that /i _1 > 2m. We then obtain 
the static, spherically symmetric Wyman solution 11 : 

7 = exp(z/), (6.1) 

a = m 2 (z/) 2 exp(— z/)(l + s 2 )(cosh(az/) — cos(6z/)) -2 , (6-2) 
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/ = [2m 2 exp(— z/)(sinh(az/)sin(6z/) + s(l — cosh(az/)cos(6z/))](cosh(az/) — cos(6z/)) 2 , (6.3) 
where v is implicitly determined by the equation: 

exp(z/)(cosh(az/) — cos(bu)) 2 - — - = cosh(az/)cos(6z/) — 1 + ssinh(az/)sin(6z/), (6.4) 

2m z 

and s is a dimensionless constant of integration. 

We find for 2m/ r << 1 and < sm 2 /r 2 < 1 that the metric takes the Schwarzschild 

form: 

7 = a- 1 = l-— . (6.5) 

r 

Near r = we can develop expansions where r/m < 1 and < \s\ < 1. The leading 

terms are 7 : 

7 ^ + 2^±^lfL)\a((L)\ ( , 6 ) 

2\s\ \m J \\m J J 

a= ^ + 0^) (L\\o((L\\ (6 . 7) 

s z \m J \\m J J 

f = m 'U - !£ + ,|,| + 0(» 3 )) 4- N + «V8 + 0(» 3 ) r2 + 0(? . 4)i (6 g) 

70 =e X p('-^±p + O( S )Y... (6.9) 

These solutions clearly illustrate the non-analytic nature of the limit s — > in the strong 
gravitational field regime for r < 2m. 

The singularity caused by the vanishing of a(r) at r = is a coordinate singularity, 
which can be removed by transforming to another coordinate frame of reference. The cur- 
vature invariants do not, of course, contain any coordinate singularities. We can transform 
to a coordinate frame in which the spacetime (M, g^) is completely free of singularities. 

The NGT curvature invariants such as the generalized Kretschmann scalar: 

K = R x ^ p R Xflup (6.10) 
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are finite 7 . 

The static spherically symmetric solution is everywhere non-singular and there is no 
event horizon at r = 2m. A black hole is replaced in the theory by a superdense object 
which can be stable for an arbitrarily large mass 7 ' 12 . 

A solution of the vacuum field equations remains to be found when the fi 2 contribu- 
tions are kept in (5.6)-(5.11). It is expected that this solution will retain the non-singular 
properties of the short-range approximation solution, for the fj 2 contributions will damp 
out the effects of g^u] a t large distances. 

7. Conclusions 

We have succeeded in deriving a geometrical version of NGT, based on the Lagrangian 
density: 

C = y/=g[R{W) - 2A - ^ V<7M - l^W^W,], (7.1) 



which yields a stable, ghost and tachyon free linear approximation, when the field equa- 
tions are expanded about Minkowski spacetime or about an arbitrary Einstein background 
metric. 

In the short-range approximation, in which jU -1 is large compared to the length scales 
being investigated, a static spherically symmetric solution can be obtained from the field 
equations which is regular everywhere in spacetime and which does not contain an event 
horizon at r = 2m. The black hole that is predicted by the collapse of a sufficiently massive 
star in EGT is replaced by a superdense object that is stable for an arbitrarily large mass. 

Attempts must be made to investigate solutions of the field equations valid for any 
value of the range parameter jU -1 , so that the regularity of the solutions can be established, 
in general. However, since the g[^ u \ solutions are damped out for r — ► oo, we do not expect 
that the regularity properties of the Wyman solution to be modified. 
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An important result of this study is that a classical theory of gravity can be formu- 
lated, which has a physically consistent perturbative expansion for weak fields, and does 
not have singularities and black holes. It satisfies the standard gravitational experimental 
tests. 

Recently, a solution has been published for inhomogeneous gravitational collapse of 
a matter cloud with a general form of matter, which leads to a naked singularity 13 . The 
collapse is related to the choice of initial data for the Einstein field equations, and the naked 
singularity would occur in generic situations based on regular initial conditions satisfying 
the weak energy condition. This result would lead to the demise of EGT, for it represents 
a local violation of the Cauchy data for collapse; it would provide a strong motivation 
for seriously considering a classical gravity theory such as NGT with everywhere regular 
solutions of the field equations. 

Because there is no event horizon in the static spherically symmetric solution, we can 
resolve the problem of information loss 14 associated with black holes at a classical level. 
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